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1. INTRODUCTION

It is well known that the Orlicz space is a generalization of the classical Banach space L. Although
we can use the method in [4] to construct sequences space in L, this method is no longer work in generalized
Orlicz space Ly, for, if for every sequence (u,) of element of Ly, we define the function p¢((uk)) =

sgp ¢! (fE q)(uk(x))dx) , then py, in general is not a norm, since it is may not homogenous.

The construction of scalar-valued sequences space using Orlicz function can be found in [1], [5] and
[7]- In [8], Yilmas constructed vector-valued sequence space in modular space. The recent result on Cesaro
sequence space in Lg, for the Orlicz function which satisfies A,-condition can be found in [2].

In this paper, fist we construct some sequence space on the Orlicz space using modular Py and its

Luxemburg norm. Secondly, we describe some topological properties on these spaces. Now, we introduce some
preliminaries.

As usual, the set of all positive integers, the real number system, and the set of all non-negative real
numbers are denoted by N, R, and R*, respectively. Given a linear space X over the real field R. The function
p: X — [0,00] is called modular if it satisfies (i) p(x) = 0 if and only if x = 0, (ii) p(—x) = p(x) for each
x € X and (iii) p(ax + by) < p(x) + p(y) foreach x,y € X and foreach a,b = 0, a + b = 1. Furthermore,
if p(ax + by) < ap(x) + ap(y), then p is said convex modular.

An Orlicz function is a function ¢: R — [0, o) which satisfies (i) ¢ is even, (ii) ¢(x) = 0 ifand only
if x = 0, (ii) ¢ continuous and convex. An Orlicz function ¢ is said to satisfy the A,-condition if there is a
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K > 0 such that $p(2x) < K¢(x) for each x = 0. (see e.g., [3]). Note that the Orlicz function is monotonic
increasing on R*. If 2 > 1, the the A,-condition implies there exist K(A) > 0 such that $(Ax) < Kb (x)
foreachx > 0.

Let S be the set of all Lebesgue measurable real-valued function on E c R. The generalized Orlicz
space Ly is defined as

Ly = {u € S:f ¢(Au(x))dx,for some A > 0}.

It is easy to show that the function

po) = | d(u()dx
E
is a convex modular on L. Furthermore, the space Ly, is a Banach space with respect to the Luxemburg norm
. u
llully = 1nf{t > 0:pg (?) < 1}.

In addition, it is true that (i) [lull, < 1 implies py(w) < |lull, and (ii) [lull, > 1 implies pg (w) = [lullg (see,
e.g., [3], [6]).

A sequence (uy) in Ly is called convergent (norm-convergent) to ug € Lg if [juy — ugllg, = 0 as k -
oo; it is called pg-convergent (modular-convergent) to  uy € Ly, if there exists A >0 such that
Pp(A(ux —ug)) = 0 as k — oo. The condition [[uy — uelle, = 0 as k — oo is equivalent to the condition
Pp(A(ux —uy)) — 0 if k — co for every A > 0. Hence, the norm-convergence implies the pg-convergent.
However, the p4-convergent does not always imply the norm-convergence. Furthermore, if the Orlicz function
satisfy the A,-condition, then the norm-convergence is equivalent to pg-convergent (see, e.g.,[3]).

2. RESEARCH METHOD

In this research, we develop the existing mathematical theoretical results using literature study. Instead of
norm, we use modular to construct the sequences spaces. Motivated by the construction of the sequence spaces
on Banach space, we extend the definition the sequence spaces on the Orlicz space L. Furthermore, to find
some topological properties, we use Luxemburg norm defined by modular on the the sequence spaces.

3. RESULTS

Let w(L,) be the space of all sequence in Ly,. The member of (L) is written as (uy) and the
sequence of zero function is denoted by (6y). A sequence of element of m(Ld,) is written as (u"), i.e. (u",) €

“’(L¢) for each n. Now we introduce our main sequence spaces. For any Orlicz function ¢, we define the
following sequence spaces:

CO(L¢) = {(uk): lli_)rgp(b(?\uk) =0 for some A > 0}
c(L¢) = {(uk): (ug —uy) € CO(L¢) for some u, € L¢}
loo(Lq)) = {(uk): s?(p pp(Auy) < o for some A > 0}.
Using the fact that p,, is a modular, it is easy to show that each ¢,(Ly), ¢(Lg) and 1o,(Lg) is a linear space.

Theorem 1. If the Orlicz function ¢ satisfies the A,-condition then
M) colle) ={: limpy(w) = 0}
(i) c(Ly) = {(u): (u — uo) € ¢o(Lgy) for someu, € Ly, }

(iii) loo(L¢) = {(uk): s%p pp(uy) < oo }

Proof. We prove (iii). The proof of (i) and (ii) are similar. Let zgo(L¢) denotes the right side of (iii). It is
obvious that 1%, (Ly) S le(Lg)- Let () be any elemen of 1, (L, ). There exist A > 0 such that sup pg (Auy) <
k

co. If A > 1, the monotonicity of p, implies sup pg(uy) < sup py(Auy) < o, i.e. (uy) € 1%(Lg). If A < 1,
K k

since ¢ satisfying the A,-condition, then there exit K(A) > 0 such that q)(%x) < K)o (x) for each x > 0.
Consequently, sup pg(u) < K(X).sup pg(Auy) < oo, which mean that (u;) € 1%(Lg).
k k
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Note that for the Orlicz function ¢(x) = [x|P , 1 < p < oo, the quantity py (uy) is equal to fE [ug(x)|Pdx,
so the sequence spaces we have constructed above are a generalization of the corresponding sequence spaces
inL,.

p

Theorem 2. The function pe: 1, (Lg,) = [0, ) where po,((ux)) = sup pg (uy) is a convex modular.
k

Proof. It is clear that p, ((u,)) = 0 if and only if (u;) = (8) and pe, ((—up)) = peo((ur))-

Leta,b>0,a+b=1and (uy),(vi) €ly(Lgy). Since p is modular, then p,(auy + bvy) < py () +
pe(vio) foreach k € N, and implies po,(a(u) + b(vi)) < po((u)) + poo((vi)). Hence pe, is a modular.
Furthermore, by convecity of pg,, we have pg(auy + bvy) < apg(uy) + bpg(vy) for each k € N, so we

have po,(a(u) +b(vi)) < ape (W) + bpe((vi)). m

Since p,, is a convex modular, we can defined Luxemburg norm |. ||, on loo(Ld,) as follows:

lwll,,, = inf {t > 0: P <$) < 1}_

Given (uy), (vr) € w(Lg). We write |(u,)| < |(vy )| if for each k, |u,| < |vi| almost everywhere on E. A
set W c w(Ly) is called solid, if (v,) € W and |(w)| < [(vy)| implies (w,) € W.

Theorem 3. For any Orlicz function ¢, each of c,(L,) and 1o, (Ly,) is solid in w(Lg).

Proof. Given (u), (v) such that |(u,)| < |(v,)|. By monotonicity of &, we have pg,(Auy) < pg (Avy) for
every A > 0. If (v,) € CO(L¢), then Ilim pp(Auy) < Ilim pp(Avr) = 0, hence (uy) € co(Ly). If (vy) €
lo(Ly), then sup py(Auy) < sup py(Avy) < o, and implies (u;) € lo,(Lyy). m

K K

In other hand, c(Ly) is not solid in w(Ly, ). For example, let ¢(x) = [x|P, p > 1 and let (u;) be a sequence of
real-valued function on [a, b], where u, (x) = 1 if k is even and u, (x) = 0 if k is odd. Define the sequence
(vx) where vy (x) = 1, x € [a, b] for each k. Then (v,) € c(Lg) and [(wy)] < [(v)], but (uy) € c(Lg).

Theorem 4. For any Orlicz function ¢, the space (loo(Lq,), Il 11, is a complete.

Proof. Let (u™) be a Cauchy sequence in 1 (L¢) and given any 1 > 0. Note that for each n, u™ = (uy) isin
loo(Lq,). Then poo(/'l(um - u”)) - 0asn,m — oo, Since pd,(/l((ukm - uﬁ)) < poo(/l(um — u”)) foreachk €
N, then pg AW —uR)) > 0asn,m - oo, i.e. (up), is Cauchy sequence in L. The completeness of L,
implies there exist uy, € Ly, such that uj; — uy, for each k € N. Let we define the sequence (ug). Given any
e > 0. Fixm suchthat pe(24(uf' — up)) < €/2 and take n, such that pg,(24(up — uf)) < €/2. For each
k, we have

pe(Aup) —up)) < %pq,(ZA(ug —uM) + % pe(2A(uft —up)) < %e
if n = ny. Consequently, for each n > n, we have pcx,(/l(u0 - u”)) < €. Since this is true for any 4 > 0,
this mean that (u™) convergence to (uf). Furthermore, since py,(3up) < pe(up —up) + pp(up) <e+M
for some M < oo, then we have p., (2uf) < 0, and so (uf) € l,(Ly). =

Is the case the Orlicz function satisfies the A,-condition, we have the following result.

Theorem 5. If the Orlicz function ¢ satisfies the A,-condition, the norm-convergence and modular-
convergence is equivalent.

Proof. We only need to proof that modular-convergence implies norm-convergence. Suppose that (u™) pe, —
convergent, namely to (u;). Given any 1 > 0. Since ¢ satisfies the A,-condition, there exists an integer r
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such that ¢p(Ax) < K"¢(x)) for each x = 0. Let € > 0 be arbitrary. Take a natural number n, such that for
eachn = ny, p. (™ — (uy)) < 2—; Then for each k we have pg (ui — uy) < , and therefore

po (A} =) < K7y (uff —wy)) < €/2
for each n = ny. Hence, p,, (A(u™ — (uy)) < € for each n = ny, i.e. (u™) norm-convergence. m

€
2K"

Theorem 6. For any Orlicz function ¢, c(Ly,) is a closed subspace of 1., (Lg).

Proof. Let (u™) be a sequence in ¢(Lg) such that u™ — (u) as n — co. Then py, (A(u™ — (u))) — 0 for any
A > 0. Hence, pg(A(ul —ux)) - 0 asn — oo. Since for each n, (up) € c(L,), then there exist uy € c(Lg)
and A" > 0 such that pg (A" (uy —uy)) - 0 ask — oo. Let A, = min{A,1'}. Then

o (4 i = 10)) < pp (Aate = ) + py (X't = u0)) = 0
ask — oo, which mean () € c(L,). m

The completeness of lm(Lq)) and Theorem 5 implies the following corollary.
Corollary. Each of c,(L,) and c(L,) is a complete space with respect to the norm ||. ||, -

The sequence space W < w(Ly) is called K-space if for each k, the mapping P,: W — L, is continuous.
Furthermore, if W is complete then it is called FK-space.

Theorem 7. For any Orlicz function ¢, 1.,(Lg) is an FK-space.

Proof. Given any integer k and (u,) € loo(Lq,). Since pg (u) < po((ug)), by definition of Luxemburg norm,
then we have [luglly < ll(we)ll,,,- Hence, the mapping Py:1,,(Lgy) = Ly, With Py ((u])) = u, is continuous.
|

4. CONCLUSION
The sequence spaces we have constructed above is a generalization of the relating sequence spaces on the
Banach space Ly, for p < 1 < co. In addition, some new properties on the modular convergence are founded.
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